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RECENT RESULTS OF AN INTERNAL TILT MODE CALCULATION IN FRCS

D. C. Barnes, Science Applizations International
J. L. Schwarzmeier and H R. Lewis, Los Alamos National Laboratory

Abrtraect

Recent theoretical results on ihe stability of FRCs to the internal
t1lt mode ere presented An aprroximate treatment of collisions shows that
collisions have a smal! eiiect on the growth rate of the mode until the
plasma becomes very collisional (Al‘ < rs/E) Finite Larmor radius theory
predicts that the growth rate of the i1nstability normalized to that of MHD
depends onlvy on the combination s,e. where e 1s the plasma elongation
However ., a full Vlaso* stability calculation does not appear to show such a
scaling

Recently we have implemented numerically a kinetic stabilily analysis
of the énternal t1lt mode (n = 1 hallooning mode) 1n FRCs.*'~ Our earlier
resuits can be summarized by saying thai when full Vlasov i1on kimetic
effects are taken i1nto account 1n the FRC geome‘ry, the growth r-ate of the
mode 1S5 reduced from MHD by more than a faclor of 30 for existing
experimental values of s (0.75 ¢ s € 1.6). Such a reduction 1n the growth
rate of the instability 1s consistent with vbserved characteristic plasma
decay times. Cur study also 1ndicates that there mav be a stability
threshold for internal tilting at about s of 3. While we believe we have
demonstrated the capability to do exact Vliasov stabilily computations for
multidimensional plasima equilibria, detailed application of these results
to the experiments 1s premature, since many i1mprovements on the calculation
are needed

In studxesa'4 of the Ltabilit of mirror and EBT systems 1t has emerged
that the stability of certain modes 1s enchanced or achieved when w* > ¥
where w® s the diamagnetic drift frequency and ™M S the MHD growth rate
of the mod: Since w* 1s determined by the radisl dimensions of the plasmi
and ™ by the axiaul dimensions., the stability criterion implies that
stability can be achieved for p given plasma radius 1f the plasma length 1
incenased Post and Hammer’ have speculated on whether the same asperct
rati1o scaling should be observed an our Viasov stability calculations

In thhs paper we report on two extensions of our previous results we
have considered approximately the effect of 10n collisions and have done a
Lrief studv of the effrct of plasma elongntion on tilt stabiiity When
collisions  are 1ncluded 1n an approximate way, we find that for all vajlues
of 5 collisions have little effect on the growth rate until  the plasmn
hecomes  very collisionnl (A| . rn,‘i'.) In our brie! survey of the effect
of plasmn aspect ratio on stabality, we find tha' the Viasov stability
results  do not appear to follow the finite Larmor radius (FLKRY senling of
normnlized growth rate with s, e The exact scaling with elongation has not
bheen determined. but we will pursue this study more 1n the future We nalso
are extending our calculation by considering a partial  expansion of the
cigenfunction.  rather than a simple traial function approach. but at this
time we have not achieved convergence 1n our computat)ons Thus the effec!

an the growth rate of the ergenfunction expansion will have to await morr
study

I lon Collasions
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It 1s difficult to consider :on—ion collisions exactly using a Vlasov
mode! 1n an eigenvalue calculation. Instead of attempting a rigorous
treatment of collisions, we first attempt an approximale treatment of
coll:sions. see 1f the effect 1s big. and then decide whether a better

treatment 15 justified Our kinetic dispersion functional involves
autocorrelation functions of the interaction of the perturbing fields with
particles meving along their equilibrium orbits We reason that the

qualitative effect of collisions can be ascertained simplv by cutting oft
the correlation functions at appropriate i1on-ion collision times

The dispersion functional hes the form
A = —28W + 2u%K + V(w) = 0, (1)
where 6W 1s the incompressible MHD éW and K i1s the MHD i1nertis term
. M 2
K = E ldg n0|£|“ (2)
V(w). which contains all the kinetic contributions. 1s defined by

V(w) = 1M [aT e!“T[A(-T) + wB{-T) + UEC(—T)], Imw >0 (3)
0

The autocorrelation functijons are defined by

AT) = fazg 1ot ™GO T 2, 01X 22,1 ) (4.
B(T) = [dz, 14 ™I E0 T ¥ gz, 0) Xl 20z, 1) ]

X120z, .0V Y 20z, 7)) (5)
and
cir) = fdz, toet ™0 Ty e, 0 Yz 1) ) (6)

The phase functions X and Y are defined by
v

X = vy Vi 4 Svet and ¥ - - aved (")
in Eqs  (1-7). m phase space point (q.p) 1= denoted by 2. and the solution
of the equilibrium equations of motion s @ - Z.(z._“.r)- Thisx means that n
particle starting at phase point i will be at position 2 a tame 7 lnter
Since AtT), B(T), and C(1) contemin the characteristic  powers  of
velocity v, v, and v, respe-tavely, we have put smooth cutoffx an the
auntocorrelation  functions at ton j1on colhision times  calculated  from
effective thermnl velocities obtained from Maxwellian distributions
weighted by the corresponding powers ol velocaty 11 we define n
collisionniaty  parameter ¢ e Moo then 1t can bhe  shown  that
¢ o~ (=B) (x, T '} Thus ¢ and s ¢an be varred andependently bv  an
npprnprln!rﬂ sequence of  equilibrium states For a given value of s we
choonge ¢ 1o be an *he set JO , 0 U8, 4 44 The curves of y/y, versus s for
ench ¢ are zhown an Fig 1 Asx cnn be aeen from Fig 1. for ¢ - 0 98, or
All Ve collisions have almost no effecd Thi= 1% becnuse  the FLR Like
sutocorrelntion function A{r) (thhis term dominates an (D) decnvs an n time
short compared to o typrcal collisron time o Only when the plasmn 15 so
collisionnl  that ¢ - 4 9, do we start Lo appronch the MHD imit Hnsed on



-3~

F:g | we could estimete that collisional effects start to become 1mportant
when ¢ = rs/All > 2.
111, Elopngation Study

We¢ now show that 1n the finmite Larmor radius (FLR) limit our dispersicn
functional shows the e'ongation scaling suggested by Post and Hammer, then
we test to see 1f the scaling 1s true 1n general The elongation parameter
e 1s defined to be e = (2rs ls)—l, where &g 1S the total length of the FRC
The MHD growth rate 1s approximately ™ = vl/zs. so 6W can be scaled
relative to K by

2 .
W - ~T™M K. (8)
In the FLR limit we retain only the term A(-t) 1n Eq. (3). We can
app./oximate
1 )
[dT ~ 7. and A(T) ~ —[;)]dg n, v:/ri,ilz. (9)
where T. 1S the correlation time, the Jength of t(ime for which the

particle s equllibrium motion contributes coherently to the normal mode.
Then Eq (3) becomes

-1) )
vier - W o Sl fag ngig1? wdorl (10)

{(The {actor of 1 1n V(w) was dropped. since we know that V becomes real 1n
the FLR limit ) Divide the dispersion functional (1) by 2K and use T =
M\"l',.’L' to get

b Il

0 = 7§ + o - 2.'.-(7(‘\-1,'r5)(vl'rs). (11)
In an FLR theory 1}_ 15 appropriate to choose v . to be ncj‘ Define the
small parameters ¢ e and ¢ n,oTg Then (1]1) becomes

0 =y + Wt - et oyl (12)
The requirement for stabilization from (12) s

o b e w7 (1)

Thus the elongation scaling alluded to bv Post and Hammer appears 1n the
LR 1imit of owr daispersion functional The question 1s to what extent 1s
this senling valid ftor the full kinetic calculation

The scaling of the growth rate with elongation as predicted by Eq  (13)
was trested computationally using the sequence of three equilibria’ shown 1n

Fig © (note the different horizontal scales) For each 3 1n  Lhe gset
Jo o 1 0, 220, 70, and 15 0}, we calculated the normalized growth rate
for the three value: of elongation It y/ ry Yere function of the single
variable s,e¢. then our data should lie on a smooth curve In Fag J we
see that the normalizec growth rate 1 not a function of single wvarjable
x ¢ (for anstance, the datn 15 not even approximately monotonic) dowever
we point out that the short elongation case (e = 5 1) s not n the
asymplotic MHD regaime, sinee y, 18 not scaling linearly waith e That 1,
M 1S pot gaven accurately by vt but there 13 additional !, dependence
Figure 3 sugpgests that  there may be a sealing of normalized growth rate
with & e for smnll values of that parameter However, thax s the highly
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kinetic regime where the FLR assumptions are not justified, so any scaling
with s/e is probably fortuitous (also the error bars on the data points 1s
larger for very small growth rates).

There may be a caveat with our present elongat.on study, and the
verification and resolution of this difficulty must await future

calcu'ations. The total displacement vector for the FRC geometry can be
written as

E.x. ) = e ™Plre (y.x) + Ve (w.x) + e, (¥.x)].

where y labels a flux surfece and ) labels the position along a flux
surface. £y s delermined from incompressibility, and 1f{ the FRC has a
large enough elongation, ¢_ can be neglected. We have seen from eaglier
work' thet 1f the FRC has nearly elliptical flux surfaces (such as 1n Figs.

2a and 2b) then 1t 1s a good approximation to assume that each flux surface
moves rigidly.

€,(¥v.x) = £,(¥). (14)

Approximation (14) 1s being made 1n all our current stability computations.
However., 1f the FRC 1s more racetrack (perhaps like in Fig. 2c) then the
displacement is concentrated more towards the tips of the flux surfaces,
and’ large_underestimates of the growth rete could result 1f assumption (14)

1s made.’ Thus, all our results for the Fig 2c equilibrium should be
viewed as p.:liminary and subject to further verification when our
eigenfunction expansion becomes fully three dimensional (1. e ., i1ncludes
dependence )
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Figure o

Normalized growth rate versus s/e

1.00 T T
(n) e = 5.1
c=0.0
L]
o.7e
Cz 4.9 LB o= T 1.5 b.h ..»
R
~ 0.80 I
[ 8
0.1¢ o
il ---
0.10 —— — ]
‘—m.__ e e
15 18 2.0 1.0 0.7%
)
Figure 1. Normalized kinstac Figure 2. Three Spencer-Hewett
growth rate versus s for various equilibria with i1ncreasing elonga—
collisionalities c : rs/A . tions e = ls/(2rs),
(c =00 1s the coll:snoniess case . )
10 1
0 echs!
X 25
L e -y
0t ¢
A
0.7 - e
as +
54 o
£ : °
™ a4l
as 4 (1]
024
ol 4 o
[ ]
-
oo‘i, —~+ —+ —+ + +
05 10 L5 ao as 3o

for three different elongalion

FR(Us 11 FIH theory applied, all the data would lre on a smooth curve



